UNG DUNG PAO HAM
PE KHAO SAT VA VE
PO THI CUA HAM SO

CHUONG

BAI 1. TINH PON PIEU CUA HAM SO

@ HE THONG BAI TAP TU LUAN

DANG 4: TIM CUC TRI CUA HAM SO CHO BOI BIEU THUTC.
Caul: Timcuyctricaahamsdy = x3 —3x2 —9x + 1.

Léi giai

Tap xac dinh: D = R. Tacd: y = 3x%2 — 6x — 0.

" 2 _ _9— x=3
y=0e3x?-6x-9=06| """
Céch 1: Bang bién thién
X | —© -1 3 +00
y' + 0 - 0 +
6 +00

y . / \ N /

Vay ham sb dat cuc dai tai x = —1, yop = 6 va dat cuc tiéu tai x = 3, yor = —26.
Cach2:y"=6x—6.
y"(=1) = =12 < 0 = Ham sé dat cuc dai tai x = —1, yp = 6.
y"(3) = 12 > 0 = Ham s6 dat cuc tiéu tai x = 3, yor = —26.
Cau?2: Timcuctricaahamsdy = gx?’ — 2x2% + 4x — 5.
Lai giai
Tap xac dinh: D = R.
Tach:y =x?—4x+4=(x—2)2>0,Vx €R.

Vay ham s da cho khéng cé cuc tri.
Cau 3: Timcuctricaahamsdy = —2x3 — 3x% — 6x + 1.
Loi gidi
Tap xac dinh D = R.
, 1\% 3
Tacd:y' = —6x?>—6x—6= —6[(x+5) +Z] <0,Vx € R.



Cau 4:

Cau 5:

Vay ham s da cho khéng cé cuc tri.
Tim cuc tri cia ham sé y = %x“ — 2x?%—3.

Loi giai
Tap xac dinh: D = R.

Tach:y' =2x3—4x=2x(x?-2);y' =0 ;:2-\/5

Céch 1: Bang bién thién

X —0 -2 0 V2 +o0

r

v - 0 + 0 - 0 4
-3

RO

Vay ham sb dat cuc dai tai x = 0, yop = —3 va dat cuc tiéu tai x = +v/2, yr = —5.

Céch 2: y" = 6x2% — 4.

y"(0) = —4 < 0 =Ham s6 dat cuc dai tai x = 0, y.p = —3.
y"(£V2) = 8 > 0 = Ham s6 dat cyc tiéu tai x = +v2, yr = —5.
Tim cuc tri cia ham s y = —x* + 4x2 — 5.

Loi giai
Tap xac dinh: D = R.

Tach:y' = —4x3+8x;y =0 —4x3+8x =0 iz?i-\/f

Céch 1: Bang bién thién

r

y + 0 - 0 +

X —o0 —\/E 0 \/i 400
0

Nl T N

o0

Vay ham sb dat cuc dai tai x = +v/2, yp = —1 va dat cuc tiéu tai x = 0, yr = —5.
Céach 2: y" = —12x% + 8.
y"(£V2) = —16 < 0 =Ham s6 dat cuc dai tai x = +V2, yop = —1.

y"(0) = 8 > 0 = Ham s dat cuc tiéu tai x = 0, yor = —5.
Tim cuc tri caahamsé y = x* + 4x2 + 1.

Loi giai
Tap xac dinh: D = R.

Tacé: y' = 4x3 + 8x.



y=04x3+8x=0x=0.
Céch 1: Bang bién thién

—0 0 +o0

y — 0 +

+0o0 +co

» \ 1 /

Vay ham s dat cuc tiéu tai x = 0, yor = 1.

Céch 2: y" = 12x2 + 8. y"(0) = 8 > 0 =Ham sb dat cuc tiéu tai x = 0, yor = 1.

Cau7: Timcuyctricaahamsdy = (1 —x)3(3x — 8)2.

Lo gii
Tap xac dinh: D = R.
Tacd:y =15(1 —x)?(3x—8)(2 —x)
8
X =§
y,:OQ x = 1
X =2
Ta c6 bang bién thién
Yl 1 2 8 +0
3
Yyl —0-0 + o -
a0 0
V \ / \
—4 —on

Suy ra ham sé dat cuc dai taix = g yep = 0 va ham sé dat cuc tiéu tai x = 2, yor = —4.
DANG 5: RIENG VE CUC TRI HAM BAC 3
1. Cho ham sé bacbay = f(x) = ax® + bx? + cx + d(a # 0), (1)
a. Tacoy' = 3ax? + 2bx +c¢; 4 = b% — 3ac
o Ham s6 khong co diém cuc tri & phuong trinh y’ = 0 v6 nghiém hoic ¢ nghiém képe
4 <0.
o Ham s6 ¢6 hai diém cyc tri & phuong trinh y’ = 0 ¢6 hai nghiém phan biét & 4" > 0.
b. Trong trudng hop A’ > 0, goi A(xy; y1), B(x5; y,) 1 toa do hai diém cuc tri cia d thi ham
s6 (1), trong d6 x4, x, 1a 2 nghiém phan biét cia phuong trinh y' = 0.
Taco f(x) = (mx + n). f'(x) + r(x), véi r(x) 1a nhi thic bac nhat.

v = f(x) =r(x)
= {)’2 = fxy) = 1(xp)



Céau 8:

Cau 9:

Céau 10:

Suy ra toa d6 A, B théa man phuong trinh y = r(x).
Do d6 phuong trinh dudng thing qua hai diém cuc tri 4, B 13y = r(x).

Cong thirc tinh nhanh: Phwong trinh duong thing qua hai diém cuc tri, caa d6 thi ham sb (1)

N 24" 9ad—-bc
laay=r = - —_—
ay (%) 5s X T %2

Cach dung MTCT

- Nhap biéu thic ax® + bx? + cx + d — (3ax? + 2bx + ¢) (g + i)

- Cho x = i ta dugc két qua Ai + B. Suy ra phuong trinh duong thang di qua 2 diém cuc tri 1a
y = Ax + B.
Véi gia tri nao cua tham sé6 m thi ham s6 y = §x3 —mx%2+ (m?2—4m+3)x + 2021 —
2020m co cuc tri?
Loi gidi
Tap xac dinh: D = R.
Tacdy = x2 —2mx + (m? —4m + 3).
Ham sb ¢6 cuc dai, cuc tiéu < ¥’ = 0 ¢ 2 nghiém phan biét & A’ = m? — (m? —4m + 3) >
0 4m—3>0em>2 Vaym > thi ham sb ¢6 cyc dai, cuc tiéu.
C6 bao nhiéu gia tri nguyén caa tham sé m dé db thi ham sé y = mx® — (2m — 1)x? + 2mx —
m — 1 ¢6 hai diém cuc tri nam vé hai phia cua truc hoanh?
Lo gidi
Db thi ham s6 ¢ hai diém cuc trj nam veé hai phia d6i véi truc hoanh khi va chi khi phuwong
trinhmx3® — (2m — 1)x% + 2mx —m — 1 = 0 ¢6 3 nghiém phan biét.
x=1
mx?—(m-—1Dx+m+1=00%
Phuong trinh ¢6 3 nghiém phéan biét khi va chi khi pt (*)c6 2 nghiém phén biét khac 1
m+*0
os{m-(m-1)+m+1+0
(m—1)2—-4m(m+1)>0

Tacoe (x—Dmx2—(m-Dx+m+1]=0¢e

m=+*0
®{m+2¢0

-3m?—-6m+1>0
m=+*0

m+* —2
S1-3-2v3 —3+2V3
— T <m<——
3 3
DomeZ=>m=-—1.

Vay ¢6 1 gia tri nguyén ctia tham s thoa mén dé bai.
Tap hop tat ca cac gia tri cia tham s6 m dé @6 thi ham sé y = x3 — 3mx2 + 3(m? — 1)x —m3
c6 hai diém cyc tri nam vé hai phia truc hoanh la khoang (a; b). Gia tri a. b bang

Lovi giai
Tacdy = 3x% —6mx + 3(m? — 1);

Dé d6 thi ham s6 co6 hai diém cyc tri nam vé hai phia truc hoanh thi phuong trinh y’ = 0 ¢6 hai
nghiém phan biét va y.p. yer < 0.



Céu 11:

Cau 12:

Tacoy =0 x?-2mx+m?—-1=0 (x —m)? = 1@[x=m+1.
x=m-—1
Phuong trinh dudng thang di qua hai diém cyc tri cia d6 thi ham sb 1a: y = —2x — m.
Khi d6: yep.ver = y(m+ 1).y(m—1) = (-2m -2 -m)(-2m+2 —m) =
Bm+2)(3m—2)
yCD.yCT<O=)(3m+2)(3m—2)<0®—§<m<§:a=—§;b=§.

Khi do: a.b = — =,

9
Cho ham sé y = x3 — 3mx? + 4m? — 2 ¢6 d6 thi 1a (C,,). C6 bao nhiéu gia tri nguyén caa m
dé a6 thi ham sé (C,,,)c6 hai diém cuc tri A, B sao cho dién tich tam giac ABC bang 4, vai C(1; 4).

Loi giai
TXD: D =R
Dao ham y = 3x2 — 6mx

I 2 _ — x = 0
y =0 3x 6mx 0@[x=2m
Db thi c6 hai diém cuc tri khi ¥y’ = 0 c6 hai nghiém phan biét, khi m # 0
Toa dd hai diém cuc tri 13 A(0; 4m? — 2); B(2m; —4m3 + 4m? — 2).

Tac6 AB = 2m; —4m3) = AB = VAm? + 16m® = 2|m|V1 + 4m*.
Phuong trinh duong thang AB 12: 2m?x +y —4m?+2 =0

|6—2m?|

Khoang cach tir diém € dén duong thang AB 1a: d(C,AB) = Wit

Suy ra, di¢n tich tam gidc ABC 1a: S = 2.d(C, AB). AB = |6m — 2m?|.

=41

Tir gia thiét suy ra: |6m — 2m3| = 4 & [z Y

C6 bao nhiéu gia tri nguyén cia tham sé m dé do thi ham s6 y = —x3 + 3mx? —3m — 1 ¢6
diém cuc dai va diém cuc tiéu ddi xing véi nhau qua duong thang d: x + 8y — 74 = 0.
Loi gidi
y ' =-3x>’+6mx;y =0 x=0Vx=2m.
Ham s6 c6 CD, CT khi va chi khi PT y’ = 0 ¢6 2 nghiém phan biét & m # 0.
Khi d6 2 diém cuc trj 1a: A(0; —3m — 1); B(2m; 4m3 — 3m — 1) = AB = (2m; 4m?).
Trung diém I cua AB c6 toa do: I(m; 2m3 — 3m — 1).
Puong thang d: x + 8y — 74 = 0 ¢c6 mot VTCP @ = (8; —1).
Hai diém A va B ddi xang véi nhau qua d.

3 _ — — = 3 _ — =
{Ied (:){m+8(2m 3m—1) 74 0@{16m 23m—-82=0_ . _,

AB1d "~ FBi=0 —4m3 4+ 16m = 0

Vay ¢6 1 gia tri nguyén ctia tham s thoa man dé bai.



Cau 13:

Cau 14:

C6 bao nhiéu gi4 tri nguyén cua tham s6 m dé dd thi ham sé y = x3 — (m + 1)x2 +
(m? — 2)x —m? + 3 ¢6 hai diém cuc tri va hai diém cyc tri d6 nam vé& cling mot phia ddi véi
truc hoanh?

Lo gidi
Tap xac dinh cua ham sb da cho 1a R.
y' =3x2=2(m+ Dx+m2—-2c64 =—-2m?+2m+7.
Pé dd thi hamsé y = x3 — (m + 1)x2 + (m? — 2)x — m? + 3 ¢6 hai cuc tri thi y’ d6i dau hai
lan, tac 1a y' 6 hai nghiém phan biét, tuong duong

1-V/15 1+v15

S—<m< .Vim € Z nén duoc m €

AN>0 -2m?>+2m+7>0e
{-1;0;1;2}.

Ldc nay, hai nghiém x,; x, cia y 1an luot 1a hoanh do cac diém cuyc tri cua ham sé.

Hai diém cuyc tri ¢6 nam cung 1 phia d4i vai truc hoanh khi va chi khi £ (x;). f(x,) > 0,twong
duong d6 thi ham sb da cho cat tryc hoanh tai dung mot diém, tirc 13, phuong trinh x3 —

(m + Dx? + (m? — 2)x —m3 = 0 c6 duy nhat mot nghiém thyc.

L

ol

D

Xét m = —1 thi phuong trinh 13 x3 — x + 2 = 0: phuong trinh nay c6 ding mot nghiém thuc

nén chonm = —1.
Xét m = 0 thi phuong trinh 1a x3 — x? — 2x + 3 = 0: phuong trinh nay c6 ding mot nghiém

thuc nén chon m = 0.
Xét m = 1 thi phuong trinh 1a x3 — 2x2 — x + 2 = 0: phuong trinh nay ¢ ba nghiém thuc

phan biét nén loaim = 1.
Xét m = 2 thi phuong trinh 1a x3 — 3x2 + 2x — 1 = 0: phuong trinh nay c6 diing mot nghiém

thuc nén chon m = 2.
Dap sb: m € {—1;0; 2}
Tim tat ca cac gia tri cha mdé ham sd y = §x3 — mx? + (m + 2)x c6 cyc tri va gia tri caa ham
s tai cac diém cuc dai, diém cuc tiéu nhan gia tri dwong.
Lo giai
Céch 1:
Tacoy =x?>—-2mx+m+2;y =0 x?—2mx+m+ 2 =0(1).
Pé ham s ¢6 hai cyc tri thi phuong trinh (1) ¢6 hai nghiém phan biét.

! 2 _ m<_1*
A>0sm2—m 2>0<=[m>2 *)

Phuong trinh duong thang di qua diém CD, CT cua ham s6 1a: y = (—gm2 + gm + g) x +

gm(m + 2).



Goi A(xy;v1); B(xy; y,) 14 hai diém cuc dai, cuc tiéu cia dd thi ham sé, khi d6 dé ham sé co
gi tri cuc dai va gia trj cyc tiéu duong thi y; 4+ y, > 0 va dd thi ham sé y = §x3 —mx?+
(m + 2)x cét truc hoanh tai 1 diém duy nhét.

Theo dinh ly viet ta c6: x; + x, = 2m.

Nény, +y, >0 (_§m2 +3m+3)(x1+x2)+3m(m+2) >0

2 2
:)(——m +-m+ )(2m)+ -m(m+2)>0e2m(-2m?+3m+6)>0

3 3
3 —+57 3++57

e () (022 o

Pé d6 thi hamsd y = §x3 — mx? + (m + 2)x cét tryc hoanh tai 1 diém duy nhat thi phuong
trinh y = 0 ¢6 1 nghiém don duy nhat, khi dé§x3 —mx?+ (m + 2)x = 0(2) c6 mdt nghiém
don duy nht.
Tacééx3 —mx’+(m+2x=0xx?*-3mx+3m+6)=0

x=0

x> —3mx+3m+6=003)
Dé phuong trinh (1) c6 mot nghiém duy nhét thi phwong trinh (3) v6 nghiém, khi d6 diéu kién

A4 = 9m? — 12m — 24<o=>“f m<#(***).

Két hop (), (%), (**%) ta duoc tap cac gia tri cia mthoa man 12 2 < m < 227

Cach 2:
Tacd:y =x2-2mx+m+2;y =0 x?>—-2mx+m+2=0(1).

Dé ham sb c6 hai cuc tri thi phuong trinh (1) c6 hai nghiém phan biét, khi d6 4° > 0 & m? —
m<-—1,,

m> 2 .

Dé ham s6 ¢6 gid tri cuc dai, cuc tiéu duong thi d6 thi ham s6 y = §x3 — mx? + (m + 2)x cat

m—2>0<:>[

truc hoanh tai 1 diém duy nhat va gia tri tai diém udn ludn duong.
Pé d6 thi ham s y = §x3 — mx? + (m + 2)x cat truc hoanh tai 1 diém duy nhét thi phuong
trinh y = 0 ¢6 1 nghiém duy nhét, khi dé§x3 —mx?+ (m + 2)x = 0(2) c6 mot nghiém don
duy nhat.
Tacé§x3 —mx’+(m+2)x=0oxx?*-3mx+3m+6)=0<

x=0

x?>—=3mx+3m+6=0(3)
Dé phuong trinh (1) c6 mot nghiém duy nhét thi phuong trinh (3) v6 nghiém, khi d6 diéu kién

A4 =9m? — 12m — 24 < 0 Zfﬁ 2*” 242V7 4

Dé gié tri tai diém uén luon duong: y' = x2 — 2mx + m+ 2,y .

] 3
y’.Tacé:y(m)>O:>m?—m3+m(m+2)>0

& m(-2m? +3m+6) > 0 & m € (—o 31_)u( 3+V_)(***)
2+2\/_

Két hop (*), (**), (***) ta duoc tap cac gia tri cia mthoamanla2 < m <



Cau 15:

Céau 16:

Cho ham s6 =%mx3 —(m-1)x*+3(m-2)x+2021 véi m |a tham so. Tong binh phuong tat
ca cac gia tri cia m dé ham sb co hai diém cuc tri x,, x, théa mdn 2x, +x, =2 bang

Lo gidi
Taco: y'=mx’-2(m-1)x+3(m-2).

4 L . ) (a>0 (1)
Dé ham s6 co6 hai diém cuyc tri x;, X, thoa méan 2x, +x, =2 thi :
2x,+X%,=2 (2)
Taco (1)<:>—2m2+4m+1>0<:>#<m< 2+2\/g(*).
2(m-1
M3t khac ta cé x, +X, :M (3).
. X . 2
Tu (2) va (3) tacod x =—.
m
2 Y 2 m=2
Vi y’(xl):0<:>m(—j -2(m-1).=+3m-6=0<3m*-10m+8=0< 4.
m m m=—
L 3
4\ 52
Vay tong binh phuong tat ca cac gia tri caa m thoa man YCBT la: 22 +(§ =9

Tim tong tt ca cac gia tri nguyén cuatham sé m trén (~10;10) déddthihamso y = x* +x* +mx -1
¢6 diém cuc tiéu cua nam bén phai truc tung.

Loi giai
Tacoy =3x%+2x+m
Pé ham sb ¢6 cuc tiéu, tic ham sé ¢6 hai cyc tri thi phuong trinh y' =0 ¢6 hai nghiém phan biét
Diéu nay twong duong vai pt 3x% + 2x + m = 0(1) ¢6 hai nghiém pb; c6 hai nghiém phan biét

khi A’=1—3m>0<:>m<%.

Khi d6 (1) c6 hai nghiém phan biét x¢p, X, 1a hoanh d6 hai diém cuc tri. Theo dinh li Viet ta

2
; xCD +xCT = _§< 0(2)

co , trong 46 xcp < xcr Vi hé s6 cua x3 16n hon 0.

Xcp-Xcr = %(3)
Dé cyc tiéu ctia d6 thi ham s6 nam bén phai truc tung thi phai co: x., >0, két hop (2) va (3)
suy ra (1) ¢ hai nghiém tréi diu & xcp. xcr =5 <0 & m < 0.
Ma me(-10;10)mel nénm € {-9;-8;—7;...;—1}.

Vay tbng tat ca cac gia tri cua tham sé m thoa man YCBT la: —45.
DANG 6: RIENG VE CUC TRI HAM TRUNG PHUONG

I: KIEN THUC CAN NHO

Cho ham sb: y = ax* + bx? + c(a # 0) c6 do thi la (C).

+) Do thi (€) ¢6 ding mot diém cyc tri khiy’ = 0 ¢6 dung mot nghiéme ab > 0.



+) D6 thi (€) c6 ba diém cyc tri khi y’ = 0 ¢6 3 nghiém phan biéte ab < 0.

Khi d6 ba diém cuc tri la: A(0;¢), B (— /—3; _L
2a 4a

),C( /—l;—i>v(yid = b? — 4ac
2a 4a

. 4 -y A \
Do dai cac doan thang: AB = AC = / D S — LA ,BC =2 /——b va tam gidc ABClubn la tam
16a 2a 2a

giéc can tai A.

I1. CONG THUC NHANH MOQT SO TRUONG HQOP THUONG GAP

DU KIEN CONG THUC NHANH CHUNG MINH
FT = o b3 + 8a a 8a Ap dung dinh ly cosin trong 4ABC ta
B oS =3 g, Stans =—13 c6 diéu phai ching minh.
AABC vudng can & BC? = AB? +
AC?
o 2 (b b
a ~\16a? 2a
4
AABCvuobng b*+8a=0 PN b + b =0
16a?  2a
©b3+8a=0
Hoac:
b” + 8a 0 b3+ 8 0
= = = =
cosa b3 —8a a
AABC déu & BC? = AB?
2b b* b b* N 3b
—— = _— s -
a 16a? 2a 16a? 2a
\ =0
AABC déu b3+ 24a =0
© @ & b3 + 24a = OHoic
b3+8a 1 5
cosa=b3_8a=5<:)b + 24a
=0
Goi I 1a trung diém doan BC. Khi do:
1
SAABC = EBCAI
. _|=b | b*—4ac
—b ~J2a’ 4a
SaaBc Siapc = lal E
—C
5
= |a| 2a
o Ap dung cong thirc
dutng 120 b g g AR _ABBCAC
_ a = =
wong it - 241 4S50
ngoai tiep 8lalb b3 —8
AABC - 4
8lalb




Bén kinh , Ap dung cong thic r = 2448¢
duong tron . b , 7
noi tiep 4|a| +V16a? — 2ab3 r= b
AABC 4|a| +V16a? — 2ab3
JABC ¢6 Ap dung cong,thuc toa do trong tam
A1 2 cho4ABC ta co:
trong tam la b —6ac=0 5
% A b* — 4ac
goc toa do O —2—+c=0(:>b2—6ac=0
a
AABC c6 ) T .
AC CO\ 3 AABC c0 truc tdm la goc toa do O khi
truc tam la b>+8a—4ac=0 . 3
2 A OB.AC=0<b°+8a—4ac=0
goc toado O
Phuong trinh
. \ 2 4
duong tron x% +y? — <_ -+ C) y
ngoai tiép b 4a ny
———)=0
AABC +c (b 4a>
Phuong trinh Lay yCh1Ia y' ta duoc phan du la
parabol di 1 b r(x) =bx*+c.
qua 3 diém y =30 te Khi d6 phuong trinh parabol di qua 3
cuc tri diémcyctrilay = r(x) = %bx2 +c

Cau 17: Tim tat ca cac gia tri cuatham s6 m dé ham sé y =2x*—(m+1)x*+4 c6 ba diém cuc tri.
Loi giai
Cach 1:
Tacdy =8x3—2(m+ Dx.
' x=0
y=0¢& x = @(1).
Ham sb ¢o6 ba diém cuc tri khi va chi khi y’ = 0c6 ba nghiém phan biét
<> (1) c6 hai nghiém phén biét khac 0

@@>0@m>—1.

Cach 2:

Ham s6 da cho c6 3 cuc trikhivachikhiab<0em+1>0e m > —1.
Cau 18: Cho ham sy =x*-2(m+1)x*+m?. Tim tt c4 cac gia tri thuc cta tham sé m dé dd thi cua

ham s6 c6 ba diém cuc tri tao thanh ba dinh cua mot tam giac vudng can.

Loi giai
Céach 1:
Tap xac dinh: D = R.
Tacoy = 4x3 — 4(m + Dx.
x=0

I 3 _ —
y' =0 4x° —4(m+ Dx O(:)[xzzm_l_l.



Céau 19:

Db thi s6 ¢6 ba diém cuec trj thi phuong trinh y’ = 0 ¢6 ba nghiém phan biét < m>-1(*).
Khi do, ba diém cyc tri 1a: A(0;m?), B(Nm + 1, -2m — 1),C(—Vm + 1, -2m — 1)
Tathiy A € Oy, B, Cddi xang nhau qua Oy nén tam giac ABC can tai A.

Do dé tam gidc ABCvudng can tai A khi va chi khi tam giac ABCvuéng tai A < AB.AC = 0.
AB :(x/m +1;—(m +1)2), AC = (—Vm+ 1;—(m + 1)?).

= —1(loaii)
= 0(thoiiamaon)’

Suyra:A_B’.A_C>=O<=> m+D*—-(m+1) =0 [2
Vay m = 0 12 gia trj can tim.

Cha y c6 thé si# dung diéu kign sau:

Goi H 1a trung diém cua doan thang BC thi H(0; —2m — 1)

Khi d6 ba didm cyc tri 1ap thanh tam giéc vudng can khi AH = BH & /(m + 1)* =
Vm + 1 © m = 0théa man (¥).

Céch 2:

Piéu kién dé do thi ham tring phuong y = ax* + bx? + ¢ co ba diém cyc trilaab < 0 ©
m>-—1

Khi d6 ba diém cuc tri lap thanh tam giac vudng can khi: b3 +8a =0 & —8(m + 1)3 +8 =
0em=0.
Chohamsé y = x* — 4(m — 1)x2 + 2m — 1c6 d6 thi(C,,). Xéac dinh tham sé m dé d6 thi ham
s6 ¢6 ba diém cuc tri tao thanh ba dinh cua mot tam giac déu.

Léi gidi
Tap xac dinh: D = R.
Taco:y' =4x3—-8(m—-1x>y' =024x3-8m—-1)x =0 [izzzoz(m _D
Ham sé c¢6 3 diém cuc tri khi phuong trinh y' = 0 ¢6 3 nghiém phan biét © 2(m—1) >0
m>1
Khi d6 d6 thi ham s co ba diém cyc tri 1a:

AO;2m—1);  B(y2Gn— D;—4(m - 1)? + 2m — 1) (—/2(m — 1); —4(m — 1)* +
2m — 1)va tam giac ABClubn la tam giac can tai Avi:AB = AC = Jz(m —1)+16(m—1)%
BC =2/2(m—1).

Do d6 tam gidc ABC déu khi AB = BC & \/2(m — 1) + 16(m — 1)* = 2,/2(m — 1).

m—1=0 m = 1(loaii)

sl6m-1D*-6(m-1)=0< m—-13=3%

8

3 .
m=1+ g (thoiiamaédn)

3 N
Vaym =1+ ? la gia tri can tim.
Cach 2:

Diéu kién dé o thi ham tring phuong y = ax* +bx? +¢ c6 badiém cuctrila ab<0 < m>-1



Cau 20:

Cau 21:

Khi d6 ba diém cyc tri lap thanh tam giac déu khi: b3 + 24a = 0 © —64(m + 1)3 + 24 =

3
O@m=1+§.

Tim c4c gia tri cua tham s m dé do thi ham s6 y = x* + 2mx®> -1 ¢6 ba diém cyc tri tao thanh

mot tam gidc co dién tich bing 4+/2 .
Loi giai
Céach 1:
Tap xac dinh: D = R.
=0

2_ _m

X
Tacod: y=x"+2mx*—1; y'=4x>+4mx; y'=0 c{

X
D6 thi ham sé y = x* +2mx? —1 ¢6 ba diém cyc tri < y’ =0c6 ba nghiém phan biét < m<0.

Khidéy’=o=>[x=0

X =+vV-m
Khi d6 d6 thi ham sb da cho co ba diém cuc tri 12:4(0;—1), B(—/—m;—m? — 1),
c(v=m; —m? — 1).

Goi H 1a trung diém BC nén H(0; —m? — 1).

AH = \[(=m?)? =m?; BC = |(2v=m)" = 2J=m.
Vi tam gidc ABC Can tai A nén Spupc =5 AH.BC & ~.m2.2y—m = 42 & m = 2.

Vaym = —2.
Céach 2:
Ham sb c6 ba diém cuc tri khim < 0

5
Ap dung cdng thirc: Syupc = |a|< _ia> ,

5

Vay m = —2 la gia trj can tim.

Cho ham sé y =x*—2mx®>+m—1, v6i m la tham s6 thuc. Xac dinh céc gié tri cua tham sé m
dé dd thi ham sb cd ba cuc tri ddng thoi cac diém cuc tri tao thanh mot tam giac c6 béan kinh
duong tron ngoai tiép bang 1.

Loi giai
Tap xac dinh: D = R.
Taco y' =4x® —4mx.

x=0

': 3 _ = 2 _ =
y =09 4x° —4mx =0 © 4x(x* —m) Oﬁ[xzzm'

Ham s6 c6 ba diém cuc tri & phuong trinh y’ = 0 ¢6 ba nghiém phan biét va y’ d6i diu qua
cac nghiém d6 & m > 0.

Khi d6 ba diém cuc trj cia d6 thi ham s la:

A(0;m — 1), B(—Vm;—m? + m—1),c(vVm;—m? + m — 1).

Céch 1: Ta ¢l Spupc = % lyg = Yal. lxc — x| = m*ymvaAB = Vvm? + m,BC = 2'/m.



Cau 22:

Cau 23:

AB.AC.BC __ (m2+m).2Vvm
4S apc  4Am2Vm

Suy ra ban kinh duong tron ngoai tiép R =

_ (m24+m)ym _ ml _ _
R=1s —r =le-——=lem=1

Céch 2: Goi M, H lan luot 1a trung diém cia AB, BC va I 1a tim duong tron ngoai tiép 4ABC.

y

A

L 9 N\

B T C

\ 2
AB = vm? +m, AH = m?. Taco AAMI dong dang AAHB = R = 2.
2 2
R=1eZ s1o M 1 o™ om=1,
2AH 2m 2m
Vaym = 1.

Cho ham s6 y = x* —2mx?+m, voi m la tham sé thyc. Tim tat ca cac gia tri cua tham s6 m dé
d6 thi ham sb da cho c¢6 3 diém cuc tri va dudng tron di qua 3 diém cuc tri ndy c6 béan kinh bang
1.
Loi gidi
Tap xac dinh: D =R.
y' = 4x3 — 4mx = 4x(x? — m)
Ham sb ¢6 3 diém cuec tri khi ¥’ = 0 ¢6 3 nghiém phan biét & m > 0

x=0

x =+Vm’
Khi d6 toa d¢ ba diém cuc tri: A(0; m), B(—/m; —m? + m), C(vVm; —m? + m).

Khidéy =0 &

Goi H 1a trung diém caa canh BC. Ta c6 H(0; —m? + m).

— 2
Saapc = 3 AH.BC ="27C < AB? = 2AH. R trong d6 {ﬁg _ \’7m
Suyram+m*=2m?em(m3-2m+1)=0emim-1D)mM?*+m-1)=0&
[m=0
|m=1
|m:—1+\/§_

2
[m:—1—x/§

2

DGi chiéu didu kién ta duges = {1; ‘1”5}.

DANG 6: CUC TRI CUA HAM y = [f(x),y = F(Ix])
Cho ham sé y = f(x) lién tuc trén R c¢6 d6 thi nhu hinh v&. Tim sé diém cuc tri ciaham s6 y =

|f (ol



F |

|
%)
S
%)
N
sy

Loi gidi
. _ (f()khif(x) =0
Tacolf (0l = {—f(x)khif(x) <0
Do d6 db thi ham s6 y = |f(x)| nhu sau:
Ay
2
—2

Tir d6 thi suy raham sé y = |f(x)] ¢6 5 diém cuc tri.

CONG THU'C TINH NHANH: Sé diém cuec tri cua ham sé |f(x)| bang tong sé diém cuc tri
ctia ham sé f(x) va sb lan dbi dau cua ham sb £ (x).
Cau 24: Chohamséy = f(x) 1a ham da thic ¢6 f(—2) < 0 va do thi ham s6 y = f'(x) nhu hinh v& bén

dudi.
Yy
\ /y = f'(x)
\/3 T

Tim sb diém cyc tri ciaham sé y = g(x) = |f(x)].

Loi gii
Viy = f(x) la ham da thac nén lién tuc trén R.

Tur dd thi ham sé y = f/(x) va f(—2) < 0, ta ¢ bang bién thién sau:



X —an -2 2 +o0

/.r(z}\ N
17(x) \ / \

Ttir bang bién thién, ta thdy ham sé g(x) = |f(x)| c6 3diém cuc tri.
Cau 25: Choham sby = |x3 — 3x|. Tim s6 diém cuc tri caa ham sd.

Lo gii
+) Pat f(x) = x® — 3x, thp xac dinh D = R.

+) Taco: f'(x) =3x* =3, f'(x) =0 3x*-3=0¢ [iiil

x =0
+)Xétf(x)=0<:>x3—3x=0<:)[x=—\/3_’.
x =3

Bang bién thién

x |- -3 -1 0 1 J3 +00

f'(x) ¥ 0 - 0 ¥

+00

2
f(x) / \ 0
o -2

(0 +w\o/2\0/2\o/+w

+) Dya vao bang bién thién, do thi ham sé y = |f(x)| ¢ 5diém cuc tri.
Cau 26: Cho ham s6 y = f(x) c6 bang bién thién nhu sau :

X - -2 4 +o0
f'(x) + 0 - 0 +
6 +00
f(x) / \ /
- 2

Ham s6 y = f(|x — 3|)c6 bao nhiéu diém cyc tri?

Loi giai



Xétham séy = g(x) = f(|x — 3]).
Taco g'(x) = [f(lx=3D]"=(x=3D".f'(Ix =3 =

Céb g'(x) khong xac dinh tai x = 3.

x—

2 (Ix = 3D,

gx)=0e f'(|x 3|)—0<=)|x_3|=4 =1
Bang bién thién:
X -0 -1 +00
g'(x) - + - +

0
400 Cb +00
g(x) \ / \ /
CT CT

Dua vao BBT ta thdy ham sé y = f(]Jx — 3]) ¢6 3 diém cuc tri.
Cau 27: Choham sby = f(x) c6 d6 thi nhu hinh dudi day

Tim sb diém cyc tri cua d6 thi ham sé y = |£(x).

f(x)

khi f(x)zO

Tacty = f (x) :{—f (x) khi f(x)<0

Loi giai

0

Duya vao d6 thi ham sb y = f(x), ta suy ra d6 thi ciia ham s6 y = |f (x) [nhu sau:

Dua vao db thi, ta két luan d6 thi ham s y = |f(x)] ¢6 5 diém cuyc tri.

y




Cau 28:

Céau 29:

Chohamséy = f(x) = x3 — (2m — 1)x2 + (2 — m)x + 2. Tim tét ca céc gié tri cua m dé dd
thi ham s6 y = f(|x]) c6 5 diém cuc tri.

Loi gidi
Tap xac dinh D = R.
Tacod f'(x) =3x2—-202m—1)x + (2—m).
Do thi ham sé y = f(|x|) c6 5 diém cyc tri

©y=fkx)=x3—-2m-1)x?+ (2 —m)x + 2 c6 hai diém cuc tri ciing nam bén phai truc
tung © f'(x) = 0 ¢6 2 nghiém duong phan biét

, m<-—1
AN>0 (Cm-1D?-32-m)>0 (4m2-m—-5>0 S5 5
S>>0 @{2m—-1>0 @{l<m<2 e LS
P>0 Q2-m>0 2 —<m<2

m<?2.
Tim sb gia tri nguyén duong cua tham sé m dé ham sé y = |3x* — 4x3 — 12x% + m| ¢6 5 diém
cuc tri.

Loi giai
Goi (C) 1add thiham sby = f(x) = 3x* — 4x3 — 12x2 + m.
Tap xac dinh: D = R.
Taco f'(x) = 12x3 — 12x2 — 24x.

x=0
f'(x)=0<:) x =—1.
x=2
Bang bién thién:
X - -1 0 2 +00
') ~ 0 + 0 - o0 +

+00

m +00
f (%) \\\\ ///’
m-5 \ /
m-32

Duya vao bang bién thién ta thay db thi (C):y = f(x) = 3x* — 4x3 — 12x% + m ludn c6 3 cuc
tri.

Do d6 d6 thi (H):y = |3x* — 4x3 — 12x%2 + m| ¢6 5 diém cuyc tri khi phuong trinh y = f(x)
cd 2 nghiém phan biét

m<0 @mSO
m—32<0<m-5 5<m<32

MameN =2me{5;6;...;31}
Vay c6 31 — 5 + 1 = 27 gia tri m thoa yéu cau bai.



Cau 30:

Céau 31:

Cau 32:

Choham sé y = |x|® — (2m + 1)x% + 3m|x| — 5. Tim tit ca cac gia trj thyc cua tham sé m dé
ham s ¢6 3 diém cyc tri.

Loi giai
Xét ham s6 f(x) = x3 — (2m + 1)x% + 3mx — 5, ¢6 f'(x) = 3x2 — 2(2m + 1)x + 3m.

Ham s6 y = f(|x]) = |x|®> — 2m + 1)x? + 3m|x| — 5 ¢6 3 diém cuc tri khi va chi khi ham s

y = f(x) c6 ding mot cuc tri dwong. Khi d6 phuong trinh f'(x) = 0 c¢6 hai nghiém x,, x, sao0

3m=20

chox; <0<xH)x; =0<x, © {2(2m+1)
3

>0<=m=0.

Hx; <0<x,e33m<0em<0.
Két hop 2 trudng hop ta duoc: m < 0.

Viy m € —oo; 0 thda man yéu cu bai toan.
Cho ham sé f(x) = (m — 1)x3 — 5x% + (m + 3)x + 3. Tim tat ca céc gié tri nguyén caa tham
s6m dé hamsé y = f(|x|) c6 dung 3 diém cuc tri?

Lo gidi
- Tap xac dinh cuacac ham séy = f(x) vay = f(|x|) déu la R.
Ham s6 y = f(|x|) co dung 3 diém cuc tri & ham sé y = f(x) c6 ding 1 diém cyc tri duong.
- Xétm =1,taco f(x) = —5x2 + 4x + 3 c6 ding mot diém cuc trj lax = 2> 0. Khi d6 ham
s6y = f(|x]) = =5x% + 4|x| + 3 c6 ding 3 diém cuc tri la x = —g;x =0;x =§. Nénm =1
thoa mén.
- Xétm # 1 thi f(x) laham sé bac 3, tacé f'(x) = 3(m — 1)x% — 10x + m + 3.

Ham sé y = f(x) c¢6 dang 1 diém cuc tri duong khi va chi khi f'(x) = 0 c6 hai nghiém phan
biét x,, x, thbaméan x; < 0 < x,.

Tacof(x) =0 3(m—1)x>-10x+m+3 =0

m+3=0
+)x1:0<x2<:>{i>0!-
3(m-1)

Hx;<0<x,©3(m-1)(m+3)<0e -3<m<1.
Két hop ta thiy tit ca c6 4 sé nguyén thoaman baitoan la:m = -2, m = -1, m = 0, m = 1.

BAI TAP TONG HQP VE CUC TRI - VD - VDC
Cho ham s6 y = f(x) c6 dao ham f'(x) = x2 — 3x — 4,Vx € R. C6 bao nhiéu gia tri nguyén
cua tham sé m sao cho &ng voi mdi m, ham s g(x) = f(—x3 + 3x% + m) c6 dung hai diém
cuec tri thuoc khoang (1;4)?

Loi gii

Tacéf'(x)=0<:>x2—3x—4=0(:>[ﬁiil

Mit khac g'(x)=(-3x%2+6x)f'(—x3+ 3x%2 + m) suy i gx)=0&
x=0

x=2€(1;4)

f'(—=x3+3x%+m) = 0.



Cau 33:

—x3+3x2+m=14 =x3—-3x%+4
—x3+3x2+m=-1 =x3—-3x%-1.

V& db thi hai ham s y = x3 — 3x2 + 4 vay = x3 — 3x% — 1 |én clng mot mat phang toa do.

Laico f(—x3+3x2+m) =0 @[Z

by = ™

4 T
y=m

Yéu ciu bai toan tuong dwong f'(—x3 + 3x% + m) = 0 c6 diing mot nghiém don khac 2 trong

khoang (1;4) suy ra [I53<S::<SZOO

Cho ham s6 y = f(x) c¢6 dao ham 1a f'(x) = x? 4+ 10x, Vx € R. C6 bao nhiéu gié tri nguyén
cua tham s6 m dé ham sé y = f(x* — 8x2 + m) c6 ding 9 diém cuc tri?.

Vay c0 tat ca 9 gia tri.

Loi giai
, ’ _ 2 _ x:0
Taco f(x) =x +10x—0<:)[x:_10.
. ’ ’ 4‘x3_16x:0
SN 3 _ 4_ Q.2 _ :
Khidoy = (4x° —16x)f (x* —8x*+m) =0 £t =822 +m) =0
x=0 x=0
x:iz x=i2
< x*—8x’+m=0 = lm = —x* + 8x2 (D

x*—8x2+m=-10 m+ 10 = —x* + 8x2(2)
Xét ham s g(x) = —x* + 8x2.

Tacdg'(x)=—-4x3+16x=>g'(x) =0 [i z 3_2

Bang bién thién:



Céau 34:

Céau 35:

T _ao -2 0 2 oo
g'() - 0 - o + o N

=m—+10

oo Jiﬁ\ ﬂjﬁm y=m-+1

—:n:ff y=m  —x

Ham s6 y = f(x* — 8x2% + m) c6 ding 9 diém cyc trj khi (1) c6 hai nghiém hozc ba nghiém

trong d6 c¢6 1 nghiém bang 0 va (2)cd 4 nghiém phan biét. Do d6 dwa vao bang bién thién caa

ham s6 g(x) = —x* + 8x2ta co

{O<m+10<16 {—10<m<6
(—4

m<o0 m<90
{-9;-8;--+; —1;0}.

©-10<m<0.Vim€Znénme

Vay ¢6 10 gia tri nguyén m.
Cho ham s6 y = f(x) c6 dao ham f'(x) = (x — 1)2(x? — 2x) véi Vx € R. C4 bao nhiéu gié tri
nguyén duong cua tham sé m dé ham sé f (x* —8x+m) co 5 diém cyc tri?

Loi giai
bat g(x) = f(x? — 8x +m)
ffx)=(x—-12x*-2x)> gx)=0Q2x—-8)(x?—-8x+m—1)?(x? —8x + m)(x? —
8x+m—2)

x =4
x2—8x+m—1=0(01)
x> —8x+m=0(2)
x2—8x+m—-2=003)

gx)=0e

Cac phuong trinh (1), (2), (3) khong c6 nghiém chung tung d6i mot va (x? — 8x + m — 1)? >
0 voivVx €R

Suy ra g(x)cé 5 diém cyc tri khi va chi khi (2) va (3)c6 hai nghiém phan biét khac 4 <
16—m>0 m<16
16—m+2>0 m< 18
16-32+4m=0 ) m=z16" <16

16 —324+m—-2+0 m # 18
m nguyén duong va m < 16 nén c6 15 gia tri m can tim.
Cho ham s6 y = f(x)c6 dao ham f'(x) = (x — 1)2(x? — 2x), V6i Vx € R. S6 gia tri nguyén
cua tham sé mdé ham sé g(x) = f(x3 — 3x2 + m)cd 8diém cuc tri 1a

Lovi giai
Taco g'(x) = (3x% — 6x).f (x3 — 3x% + m).
3x2 — 6x = 0 x=0
x=2

3 2 —
x> —3x+m=1
3 5 &
x°—3x“+m=0
x3—=3x’4+m=2

x3—=3x2+m=1.
x3=3x2+m=0
x3—3x2+m=2

gx)=0e



Vi khi di qua cac nghiém cua phuong trinh x3 — 3x2 + m = 1 dau cua f'(x3 — 3x2% + m)khong
d6i nén dau cua g'(x)chi phu thudc cac nghiém cua hai phuwong trinh con lai.

Vay ham s6 y = g(x)c6 8 diém cuc tri khi va chi khi mdi phuong trinh x3 — 3x2 + m = 0va
x3 — 3x? + m = 2phai c6 ba nghiém phan biét.

x=0

Xétham sd h(x) = —x3 + 3x2,tacoh'(x) = —3x2 + 6x; h (x) = 0 & [x _

Bang bién thién cia ham s6 y = h(x)

Y - 0 + 0 -
+an 4
y \ / \
0 -

Dua vao bang bién thién, ta thiy diéu kién dé mdi phuong trinh —x3 + 3x2 = mva —x3 + 3x2 =
m — 2phai c6 ba nghiém phan biét la
O<m-2<m<4e2<m<i4.
Vay chi coO mot gia tri nguyén caa mthoa mén lam = 3.
Cau 36: Cho y = f(x)la ham sb bac ba va c6 bang bién thién nhu hinh vé&

@ —0G -2 2 +oc
fi(z) + 0 - 0 +
1 +00
—0oC —1

C6 bao nhiéu gia tri nguyén m € (—=5;5)dé ham s6 g(x) = f(f (x) + m)co 4diém cuyc tri?
Loi giai
g'(x) = f').f(f(x) +m).
g =0 [7;("):0

) +m)=0
x=-2 x=-2
x=2 x=2 . . o . N
= FOO) +m=—2 = FOO+2= _y o frongdéx = —2vax = 21a hai nghiém bai l¢.
fx)+m=2 fx)—2=-m

Dit £, (x) = f(x) + 2va f,(x) = f(x) — 2, ta co do thi sau



Céau 37:

I i
[N
fi() / / ) ~

va nhin vao do thi, ta thay ham sé g(x)c6 4diém cyc tri < g'(x) = 0c6 4

vsi M E (=5;5)
ol {m EZ
nghiém boi lé& m € {—4;-3;—-1;1; 3;4}.

Cho ham sé f(x)c6 dao ham f'(x) = (x + 1)?(x? — 4x).C6 bao nhiéu gia tri nguyén dwong
cua tham s6 mdé ham sb g(x) = f(2x? — 12x + m)c6 dung 5 diém cuc tri?
Loi gidi.
Ta co:
x=-1
ff)=0e (x+1)?’(x?—4x) =0 |x =0 , trong d6 x = —1la nghiém kép.
x =4

gx)=f2x?—12x+m) = g'(x) = (4x — 12)f (2x*> — 12x + m)

Xétg(x) =0 (4x—12)f'2x? - 12x +m) =0

x =3 x=3

2x2—12x+m=-1 __[2x* —12x+m = -1(])

=

2x2—12x+m =0 2x%2 —12x = —m(1)

2x2—12x+m =4 2x2—12x =4 —m(2)
nén ta loai phuong trinh 2x% — 12x + m = —1)

Xét ham s6 y = 2x2 — 12xc6 db thi.

V' =4x—12
Ta c6 bang bién thién
x | —mo 3 +ao
y' - 0 +
+3 +®
¥y \ /
—-18

Pé g(x)co ding 5 diém cyc tri thi mdi phuong trinh (1); (2)déu c6 hai nghiém phan biét khac
3.

Do d6, mdi duong thang y = 4 — mva y = —mphai cét db thi tai 2 diém phan biét c6 hoanh do
khéc 3. Nhan xét: duong thang y = 4 — mludn nam trén duong thang y = —m.



Taco: —18 < —m & m < 18. Vay c¢6 17gia tri mnguyén duong.
Cau 38: Chohamsby = f(x). Him sb y = f'(x) c6 d6 thi nhu hinh v& dudi day.

Ay

\ ko

Tim m d&ham s y= f(x*+m) c6 3 diém cyc tri.

Loi giai
Do ham s6 y = f(x? 4+ m) la ham chan nén ham sé ¢6 3 cyc tri khi va chi khi ham s nay c6
dung 1 diém cyc tri duong.

y=f(x?>+m) =y =2xf (x?>+m)

x=0 x=0
- x=0 x’+m=0 x?>=-m
y_O@f,(X2+m)=0®x2+m=1 x2=1-m
x24+m=3 x2=3-m

Dd thi ham s6 y = £ (x) tiép xuc truc hoanh tai diém c6 hoanh dd 12 x = 1 nén cac nghiém cua
pt x2 = 1 —m khong lam £’ (x? + m) d6i dau khi x di qua, do d6 cac diém cuc tri caa ham s6

x=0
y = f(x? + m) la cac diém nghiém cua hé [xz =-m
x?=3-m
Hé trén c6 duy nhit nghi¢m duong khivachikhi{;™ =2 = o0<m<3.
i i 3—-m>0

Cau 39: Cho ham sé f'(x) = (x — 2)?(x? — 4x + 3) v6i moi x € R. C6 bao nhiéu gia tri nguyén
duong cia m dé ham séy = f(x? — 10x + m + 9) ¢6 5 diém cuyc tri?

Loi gii
x =2
Tacof'(x) =0 e [x =1, x = 2 langhiém kép nén khi qua gia tri x = 2 thi f'(x)
x =3

khong bi d6i dau.
bat g(x) = f(x? —10x + m +9) khi d6 g'(x) = f'(w). (2x — 10) voiu = x> — 10x + m +

9.
2x—10=0 x =5
Nen g’ (x) = 0 (x2—10x+m+9—2)2=0@ (x?=10x+m+9—-2)2=0
ngx) = X2 —10x+m+9=1 x2 —10x +m + 8 = 0(1)
x>2—10x+m+9=3 x2—10x+m+ 6 =0(2)

Ham sé y = f(x2 — 10x +m + 9) ¢6 5 diém cuc tri khi va chi khi g’ (x) doi dau 5 lan
Hay phuong trinh (1) va phuong trinh (2) phai cé hai nghiém phan biét khac 5



Céau 40:

Cau 41:

(4, >0

A, >0
hs)#0"
() #0
(17—m >0

19—-m>0
@{_17+m¢0=)m<17.

\—194+m # 0

Vay ¢0 16 gia tri nguyén duong m thoa man.

Chohamséy = f(x) codaoham f'(x) = (x — 2)?(x — 1) (x? — 2(m + Dx + m? — 1),Vx €
R. C6 bao nhiéu gia tri nguyén cia m dé ham sé g(x) = f(|x|) ¢6 5 diém cuyc tri?

S S

Loi giai
Dya vao céch vé do thi ham sé g(x) = f(|x|), sé diém cyc tri cua do thi ham s6 g(x) =
f(|x|bang sé diém cuc tri dwong ctia d6 thi ham s y = f(x) cong thém 1.
Dé ham s6 g(x) = f(|x]) c6 5 diém cuc trj thi d6 thi ham sé y = f(x) ¢6 2 cuc tri duong.

x=1
Tacof(x) =0 x=2.
x2=2(m+Dx+m?-1=00%*)

C6 x = 2 la nghiém boi 2, x = 1 Ia nghiém don.

Vay x2 — 2(m + 1)x + m? — 1 = 0c6 hai nghiém phan biét, c6 mot nghiém duong x # 1, ¢
mot nghiémx < 0

Truong hop 1: C6 nghiém x =0 khi d6 x2 —2(m+Dx+m?-1=0em?-1=0<
m=+1
Véim=1,00x2 - 2(m+ Dx+m?~1=0ex*—4x =0 [* 2 ) (™)

Véim=-1,c0x>2—-2m+1Dx+m?>—-1=0x>*=0x=0

Truong hop 2: x2 — 2(m + 1)x + m? — 1 = 0c6 hai nghiém phan biét, c6 mot nghiém dwong

x # 1, 6 mot nghiém am
A Lia m?—1<0 {me(—l;l)

piey k'enm‘mgdu‘mg{ﬁ —2m+1D.1+m2—1%0lm =1+ V3

VimeZ=>m=0

Vay c06 hai gia tri nguyén cia m thoa man.
Cho d6 thi y = f(x) nhu hinh v& dudi déy:

|
'
H 0
I
i
i
i
i
: -3




Céau 42:

Goi S la tap hop tit ca céc gid tri nguyén duong cua tham s m dé ham sé y =
f(x+2018) + §m2| ¢ 5 diém cyc tri. Tong tat ca cac gia tri cua cac phan tir trong tap Shang
Lo gidi

f'(x+2018)[f(x+2018)+§m2]

bit g(x) = |f(x +2018) +§m2| =gk =

|f(x+2018)+§m2|

f'(x+2018) = 0(1)

Phuong trinh g'(x) = 0 &
g trinh g (x) fx+2018) = =" (2)

Dua vao dd thi ta thiy phwong trinh (1) ludn c6 3 nghiém phan biét.
Viy dé d6 thi ham s6 y = g(x) c6 5 diém cuc tri thi phuong trinh (2) phai ¢6 2 nghiém don

™S 2
phan biét 3 2 (meN') &me{3;4}.
-6 < 5 < -3

Vay tong cac phan tir 1a 7.
Cho ham sb bac bén y = f(x) c6 dd thi nhu hinh bén. S6 diém cuc tri caa ham sé g(x) =
f(x3+3x?) 1a

[&] ’1\/ @
Lo gidi
Tir d thi ta c6 bang bién thién cua ham sé y = f(x) nhu sau
X |—© a b c +0o0
f(x) - —o0 0

0 + 0 +
+oo 40
NG T >
Taco g(x) = f(x3+3x2) = g'(x) = (3x? + 6x). f ' (x3 + 3x2)
x=0
x=-2
o |x2+3x2=a;a<0
x34+3x2=h;0<b< 4
x34+3x?=cc>4

3x24+6x=0

Cho g’(x) =0¢& [f/(x3 + 3x2) =0

Xétham s h(x) = x3 +3x2 = h'(x) = 3x%2 + 6x.Choh'(x) =0 & [i i 0_2

Bang bién thién



Céau 43:

X |—o0 -2 400
h'(x) + 0 - +
! +o0
Ll \ iy
—on 0
Ta c6 do thi caa ham A(x) = x3 + 3x2 nhu sau L
Tir d6 thi ta thay:

Puong thang y = a cat d6 thi ham s6 y = A(x) tai 1 diém.

Puong thang y = b cat d6 thi ham s6 y = h(x) tai 3 diém.

Puong thang y = ¢ cit do thi ham sé y = h(x) tai 1 diém. p

Nhu vay phuong trinh g'(x) = 0 ¢6 tit ca 7 nghiém don phan biét.

Vay ham sb g(x) = f(x3 + 3x2) ¢6 7 cyc tri.
Cho ham s y = f(x) c6 dao ham y = f'(x) véi moi x € R. va ¢6 do thi nhu hinh v&.

- e
o,
&)

—1 4

C6 bao nhiéu gia tri nguyén ctia tham sé m dé ham s6 g(x) = f(x? — 4x + m) c6 dung hai diém
cuc tri thuoc khoang (1;4)?

Lo giai

Taco g'(x) =2(x —2).f'(x? — 4x + m).

x=2€(1;4)
gx)=002(x-2).f(x?—4x+m) =0 |x2—4x+m=1 ©

x?—4x+m=-1
x =2 .
x> —4x—1=-m.
x*—4x+1=-m

V& db thi hai ham sé y = x2 — 4x — 1 vay = x2 — 4x + 1 1én cling mot mat phang toa do.




Cau 44:

Cau 45:

Yéu cau bai toan tuong dwong f'(x% — 4x + m) = 0 c6 ding mot nghiém don khac 2 trong

7 —4<-m<-3_@B<m<4
khoang (1;4) suy ra: [_1 < _z <1 < [_1 <mm <1

Vay co tat ca 4 gia tri.
Cho ham s6 y =[3x* - 4x® ~12x* +m—1| ¢6 7 diém cuc tri. Tong cAc gid tri nguyén ciia m la:
Lo gii
Xétham so f(x) =3x* —4x*—12x* +m-1,
Co xl_llnoof(x) = +o00, xl_i)r_noof(x) = o0,
f'(x) =12x3 — 12x? — 24x = 12x(x? — x — 2).

x=0
f(x)=0| x=-1.
X=2

Bang bién thién:

x —x -1 0

[
+
=

S'x) - 0 + 0 - 0 +

+a0 m—1 +a0

() \ /
m—33

m—=6

Tir bang bién thién, ta cé ham s6 y = |f(x)| ¢6 7 diém cuc tri & d6 thi ham sé y = f(x) cat
Ox tai 4 diém phan biét ©m-6<0<m-1<1l<m<6 mameZ = m € {2,3,4,5}
Tong céc gia tri nguyén cua mla 14.
Cho ham s6 y = f(x) lién tuc trén Rva c6 f'(x) = (x — 2)?(x? + 3x — 4). Goi S la tap c4c sb
nguyén m € [—10;10]dé ham s6 y = f(x? — 4x + m) c6 dang 3 diém cyc tri. S6 phan tir cua
S bang
Loi giai:
(x—2)2=0
x2+3x—4=0
baty = g(x) = f(x* — 4x + m)
g(x) =Q2x—4)f'(x* - 4x + m)
x =2
2y —4 =0 (x?—4x+m-—-2)2=0
F?—4x+m) =0 |hGx)=x2—4x+m—-1=0 (1)
hy(x) =x*>—4x+m+4=0 (2)

Taco: f(x) =0

gx)=0e

Ham s6 ¢6 3 cuc tri khi mot trong 2 phurong trinh va ¢ 2 nghiém phan biét khac 2 va phuong
trinh ¢6 lai c6 1 nghiém hoac vd nghiém.



Céau 46:

Cau 47:

(hy(2) # 0
A, >0
= B o|lm=>=3 ©0<m«<s:-.
h,(2) % 0 {mzo =
Ay <0
{4, >0

Mam € [—-10;10] dodom € {0;1;2;3;4} c6 5 phén tu.
Cho ham sé y = f(x) ¢6 dao ham f'(x) = (x — 1)?(x? — 2x), véi Vx € R. S6 gia tri nguyén
cua tham s6 m dé ham sé g(x) = f(x3 — 3x% + m) c6 8 diém cuc trj 1a
Loi giai

Tacod g'(x) = (3x%2 — 6x).f (x3 — 3x? + m).

x=0

x =2
S|x2-3x>+m=1.

x3=3x2+m=0

x3—3x2+m=2

3x2—6x=0

x3-3x2+m=1
x3=3x2+m=0
x3—-3x2+m=2

gx)=0e

Vi khi di qua cic nghiém cua phuong trinh x3—3x24+m=1 (néu cd) diu cua
f'(x3 — 3x% + m) khong ddi nén dau caa g'(x) chi phu thudc cac nghiém cia hai phwong trinh
con lai.

Vay ham s6 y = g(x) c¢6 8 diém cuyc tri khi va chi khi mdi phwong trinh x3 — 3x2 +m = 0 va
x3 — 3x% + m = 2 phai c6 ba nghiém phan biét (khac 0 va khac 2).

Xétham sb h(x) = —x3 + 3x2,tacoh'(x) = —3x2+6x h(x) = 0 & [i i (2)

Bang bién thién cua ham sé y = h(x)

—o 0 2 —
Y - 0 + 0 -
+a0 4
0 -

Duya vao bang bién thién, ta thiy diéu kién dé mdi phuong trinh —x3 + 3x% = m va —x3 +
3x2 = m — 2 phai c¢6 ba nghiém phan biét (khac 0 va khéc 2) la

O<m-2<m<4e2<mc<<Ai.

Vay chi c6 mét gia tri nguyén cia m thoa mén la m = 3.
Cho ham s6 f(x) c6 dao ham lién tuc trén R va do thi ham s £’ (x) nhu hinh v&. C6 bao nhiéu
s nguyén m dé ham s y = f(x? + m) c6 dung 3 diém cuyc tri?



y' =2x.f (x? +m).

X = x=0
/ x=0 x24+m=0 ¥Z=—m
= =3 ' [=1 (=4
y =0 f+m)=0" [x2+m=1 x24+m=
x*+m=3 Ix*=-m+3

Db thi ham sb f'(x) tiép xdc vai truc hoanh tai diém c6 hoanh d6 bang 1. Do d6 hoic phuong
trinh x? + m = 1 v0 nghiém hoic nghiém cua phuong trinh x? + m = 1 la nghiém bgi chan cua
phuong trinh y' = 0.

Néu {—m *0 S {m *0 thi x = 0 la nghiém don ctia phuong trinh y" = 0.

-m+3+0 m#*3
i [Fm=0 m=0_ . ‘x P A , . .
Néu [_m+3=0<:>[m=3th| nghiém x = 0 la nghiém boi ba ctia phuong trinh y = 0.

Suy ra x = 0 1a mot diém cuyc tri cia ham s6 y = f(x? + m), vm.

Xét cac phuong trinh: x2 = —m (1) vax? = —m + 3 (2).

Nhan xét: Phuong trinh (1) va (2) khong c6 nghiém chung; —-m < —m + 3,vm
Minh hoa db thi

y=a’

Xét —m > 0 thi phuong trinh (1) ¢6 2 nghiém phan biét x,; x, va phuong trinh (2) c6 2 nghiém
phan biét x5; x,. Khi d6 y' doi dau 5 lan qua cac nghiém x;; x,; x3; x, va 0 nén ham s6 y =
f(x? +m) c6 5 diém cuc tri.

Xét —m + 3 < 0 thi phuong trinh (1) vo nghiém; phuong trinh (2) hoac vd nghiém hoac co
nghiém kép x = 0. Khi d6 ham s6 y = f(x2 4+ m) ¢6 1 diém cuec tri.



Céau 48:

Cau 49:

o (—m<0 m =0 Py ) A A VI,
Xeét {_m+3>0©{m<3®0Sm<3. Khi @6 phuong trinh (1) v6 nghiém hoac co

nghiém kép x = 0; phuong trinh (2) c6 2 nghiém phan biét khac 0. Suyrahamséy = f(x2 +m)
c6 3 diém cuc tri.

Do d6, & ham sé y = f(x? + m) ¢6 3 diém cuc tri thi 0 < m < 3.

Mat khac m nguyén nén m € {0; 1; 2}.

Vay c6 3 gié tri nguyén cua m dé ham sb c6 dung 3 diém cuc tri.

Cho ham s6 y = f(x) c6 dao ham f'(x) = x? — 3x + 2,Vx € R. C4 bao nhiéu gié tri nguyén

ctia tham s6 m sao cho wng véi mdi m, ham s g(x) = f(—x* + 2x% — m) c6 dang ba diém cuc
tri thugc khoang (0; 3)?

Loi giai
x=1

’ _ 2_ —
fx)=x*—-3x+2 0@[x=2

*) Xét trén (0; 3)

x=0¢(0;3)
Y00 = (4 a0y (a2 - my =0 L2 LE@D

f(—x*+2x>?-m)=0
=1
x=1€(0;3) x
S| 4 7 N N_aS | xt+2xP-m=1
f=x*+2x* —m) =0 —x*+2x2—m=2

Xét ham sb h(x) = —x* + 2x2 — m trén (0; 3)

h(x)=—4x3+4x, h(x) = —4x3+4x =0 [z _ 11 trén (0; 3) chi ldy nghiém x = 1

X 0 1 3
o (x) + 0 -

h(x) —m / \\
y=2
\i'zl

—63-m

Pé ham s6 g(x) c6 3 cuc tri diéu kién g'(x) = 0 ¢ 3 nghiém bac 1é khi d6

{1—m£2 {—1Sm
—m<1<1—m® —1<m<0®[—1<m<0
{—63—m<1 {—64<m —-64<m< -2
2<—-m m< =2

Do mnguyén nénm € {—63; —62;...; —2} c6 62 gia tri thoa man bai toan.

Cho ham s6 y = f(x) ¢6 dao ham f'(x) = x3 + x,Vx € R. C6 bao nhiéu gié tri nguyén cua
tham s6 m sao cho ung véi mdi m, ham sé g(x) = f(x* + 2x3 — mx?) c6 dung hai diém cuc
tri thuoc khoang (—1; 2)?

Léi gidi



fX)=x(x*+1)=0x=0
*) Xét trén (—1;2)
x=0¢(-1;2)
g(x)=@x3+6x%—2mx)f (x*+2x3—mx?) =0 |4x2 + 6x —2m = 0
x*+2x3 —mx?=0
x=0¢ (-1;2)
& |2x? 4+ 3x = m(1)
x%2 + 2x =m(2)
Xét ham sb 2(x) = 2x% + 3x; k(x) = x2 + 2xtrén (-1;2) cOh (x) =4x+3 =0 x =
—Z; k'(x) = 2x + 2 = 0 & x = —1 lap bang bién thién cua ca hai ham & (x); k(x) trén cling

mot hinh ta duoc két qua nhu sau:

h'(x) -
K(x) + | + |

h(=): //' 8
k(x) s ,
//"_E
-1
\‘ _E
8

Pé ham s6 g(x) c6 2 cuc tri diéu kién g'(x) = 0 ¢6 2 nghiém bac 1é ma g’(x) di c6 nghiém
x = 0nén tong hai phuong trinh (1); (2) ¢ thém mot nghiém khéc 0, dua vao bang bién thién
trén ta co

m=-—1 m=-—1 N 4 N N .a.0. . . . , .,
[8Sm<14<:>[8Sm<14mamla50nguyennenme{ 1;8;9;10;11;12; 13} c6 7 gia

tri
Cau 50: Cho ham sé bac nim y = f(x) c6 do thi y = £'(x) nhu hinh v& duéi day

C6 bao nhiéu gia tri nguyén cia m € [—2024;2024] dé sb diém cuc tri cua ham sé g(x) =
f(x? —3x+m)las.



Lo gii
Taco: g (x) = 2x—3).f'(x* — 3x + m).

' 2x—3=0 (1)
g =0e f(x2=3x+m)=0 (2)

3

Ta co: (1)(:)x=2

y
0 1 2 a
: x
|
_1___
x2=3x+m=0 m=—x%+3x
VaQ)e [x2-3x+m=2 S |lm-2=—x?%+3x.
x2=3x+m=a,a>2 m—a=—x%+3x

Véi x? — 3x + m = 2 thi g'(x) = 0 c6 nghiém kép.

Xét ham sb y = —x? + 3x ta co 4o thi

9/4

m /s ’ \

Y=

m-a / \

Doa>2,suyram< z.phuong trinh g'(x) = 0 ¢6 5 nghiém don phan biét nén g(x) c6 5

diém cuc trj khi va chi khim < 3

Vim € Z, m € [—2024;2024] = m € {—2024; —2023;...... ;2}. Vay tap S c6 2027 phan tir.



